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Abstract 

Let -L be a Lie algebra over arbitrary field k with dim L =3 and dim L' =2. 
All solutions of constant classical Yang- Baxter equation (CYBE) in Lie algebra L 
are obtained and the necessary conditions which (L, [ ],Ar,r) is a coboundary ( or 
triangular ) Lie bialgebra are given. 
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1 Introduction 

The concept and structures of Lie coalgebras were introduced and studied by W. Michaelis 
in [6, 7]. V.G.Drinfel'd and A. A. Belavin in [1, 2] introduced the notion of triangular, 
coboundary L associated to a solution r E L(^L oi the CYBE and gave a classification of 
solutions of CYBE with parameter for simple Lie algebras. W. Michaelis in [5] obtained 
the structure of a triangular, coboundary Lie bialgebra on any Lie algebra containing 
linearly independent elements a and h satisfying [a, h] = ah for some non-zero a G A; by 
setting r = a(^h — h® a. 

The Yang-Baxter equation first came up in a paper by Yang as factorition condition of 
the scattering S-matrix in the many-body problem in one dimension and in work of Baxter 
on exactly solvable models in statistical mechanics. It has been playing an important role 
in mathematics and physics ( see [1, 9]). Attempts to find solutions The Yang- Baxter 
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equation in a systematic way have let to the theory of quantum groups. The Yang- 
Baxter equation is of many forms. The classical Yang- Baxter equation is one. 

In many applications one need to know the solutions of classical Yang- Baxter equation 
and know if a Lie algebra is a coboundary Lie bialgebra or a triangular Lie bialgebras. 
A systematic study of low dimensional Lie algebras, specially, of those Lie algebras that 
play a role in physics( as e.g. sl(2, C), or the Hciscnbcrg algebra ), is very useful. The 
author [10, 11] obtained all solutions of constant classical Yang- Baxter equation (CYBE) 
in Lie algebra L and give the sufficient and necessary conditions which ( L, [ ], A^., r )is a 
coboundary ( or triangular) Lie bialgebra with dim L < 3 except the below case : L is 
a Lie algebra over arbitrary field k with dim L =3 and dim L' = 2 .We shall resolve the 
problem in this paper. 

All of the notations in this paper are the same as in [10]. 

If k is not algebraically closed, let P be algebraic closure of k. we can construct a Lie 
algebra Lp — P ® L over P, as in [3, Section 8]. 
By [3, PI 1-14], we have that 

Lemma 1.1 Let L he a vector space over k. Then L is a Lie algebra over field k 
with dim L —3 and dim L' — 2 iff there is a basis ei, 62, 63 in L such that [61,62] —0, 
[ci, 63] = aei + (3e2, [62, 63] = 761 -|- ^62, where a, 7, 5 e k, and aS — ^ 0. 

ft 7 

In this paper, we only study the Lie algebra L in Lemma 1.1. Set A — \ | . Thus 

P S 

A is similar to I ^ | or | ^ | in the algebraic closure P of k. Therefore, there 
' A2 j \ 1 Ai j 

is an invertible matrix D over P such that AD^D \ \ , or AD ^ D \ 

[ X2 J V 1 A2 

Let ^ ~ ^ g 1 ^ (fi'i; 62)63) — (si) 62, 63)(5. By computation, we have that 

[e'l, 62] = 0, [e'l, 63] = e[ + €21 \^2-> ^3] = ^ ^21 where = and = when A is similar 
Ai ' 



A 



— ^ and 5 —1 when A is similar to j ^ j . Let Q — (%)3x3 

and Q-^ = (g^Osxs- If ^ = Eij=i hji^i e-j) = Eij=i Kji^'i ® 4)' "^^^^^ ^ Kj ^ P 
for i, j =1, 2, 3, then 

3 3 

m,n m,n 

for z, j = 1,2,3. Obviously, /csa = /C33. 



Lemma 1.2 (i) kiz = k^i, for i ^1, 2, 3 iff k^^ = k'^^ for i ^ 1, 2, 3; 
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-h^ for i ^1, 2, 3 iff 4 = -4 for i =1, 2, 3; 
kji for z, j =1, 2, 3 iff k'-j = h!-^ for i, j = 1, 2, 3; 
-kji for ij =1, 2, 3 ijf klj = -/c^ for i,j ^1, 2, 3. 

Proof (i) If A;-3 = /cgj for i =1, 2, 3, we see that 

3 

^i3 = XI ^mnlirnQSn 
m,n 

3 

= J2 f^'m3limq33 ( Since ^31 = ^32 = 0) 
m 
3 

= X k'smQimqss ( by assumption) 

m 
3 

m 
3 

~ X/ kjnnl^nlim 
m,n 

= ^3i- 

Therefore, A;i3 = A;3i for i =1, 2, 3. The others can be proved similarly. □ 

2 The solutions of CYBE with char k^2 

In this section, we find the general solution of CYBE for Lie algebra L with dim L —?, 
and dim L' — 2, where char k ^2. 

Theorem 2.1 Let L he a Lie algebra with a basis 61,62,63 such that [61,62] =0, 
[61,63] = aei + /?e2, [62,63] = 761 + ^62, where a,/?, 7, 5 G k, and aS — (3^ 0. Let 
p,q,s,t,u,v,x,y, z G k. Then r is a solution of CYBE iff r is strongly symmetric, or 

r = p(ei(g)62)+g(62(S)6i) +5(61(8)63) -5(63(8)61) +u(62®63)-'u(63(g)e2)+.-r(ei(g)ei)+|/(62®62) 

with s{2ax + j{p + g)) = u{25y + I3{q + p)) = u{2ax + 7(g + p)) = s{25y + (3{q + p)) = 
{a-S)us + ju'^-l3s'^ = s{2jy + 2l3x+{a + S){q + p)) = u{2-fy + 2l3x+{a + S){p+q)) = 0. 

Proof Let r = Y.f.j=ihjiei (g) ej) ^ L ® L, and kij G /c, with i,j =1, 2, 3. By 
computation, for all i, j, n =1, 2, 3, we have that the cofficient of tj ® Ci in [r^^, r^^] 
is zero and the cofficient of ei® Ci® Cj in [r^^, r^^] is zero. 

We can obtain the following equations by seeing the cofficient of ei®ej®en in [r^^, r^^] + 
^^12 j,23] _^ ^^13 ,,23j^ jj^Q^ Proposition 2.6]. To simplify notation, let kn — x, ^22 = 

y, A;33 = z, ki2 = p, ^21 = q, hs = ^31 = t, k23 = u, ^32 = v. 

(1) —asx + axt — ^ysq + ^pt — 0; 

(2) —(5up + (5qv — 5uy + 5yv — 0; 



("uj kiz = 
(iv) kij = 



3 



(3)- 


-avs + apz - 


- juv + jyz - 


- P-s^ + Pxz - 


- Ssu + 5zp = 


= 0; 




(4)- 


-(3xz + I3st - 


- 6zq + 6ut — 


aut + aqz — 


'JUV + "yyz = 


0; 




(5)- 


-azp + atv - 


- ^zy + 'juv - 


- Pzx + pts - 


- 6zp + Svs = 


0; 




(6)- 


-azp + asv - 


- jzy + 'JUV - 


- fist + [ixz - 


- Ssv + 6zp = 






(7) - 


-(3zx + ptt - 


6zq + Svt — 


azq + atu — 


jzy + 'juv = 


0; 




(8) - 


-(3st + (3xz - 


- 6tu + 6qz — 


aus + aqz — 


juu + 'jyz = 


^0; 




(9) - 


-atp + axv - 


- jty + jqv - 


- asp + avx - 


- jsy + 'jpv = 


= 0; 




(10) 


—aux + aqt 


— 'juq + ■jyt 


— aux + aqs 


— '-fup + 7ys 


= 0; 




(11) 


—ast + axz 


— jtu + •yqz 


— as"^ + axz 


— 7S-U + ypz ■■ 


= 0; 




(12) 


—azx + att 


— jzq + jvt - 


- azx + ast - 


- JZp + '-JVS - 


= 0; 




(13) 


—/3vx + /3pt 


— Svq + 6yt - 


- (3ux + (3qt - 


- Suq + 6yt = 


^0; 




(14) 


~l3sp — (3xv 


— 6sy + 6pv 


— Psq + (3xu 


— 5sy + Spu ■■ 


= 0; 




(15) 


—(3vs + (3pz 


— 5vu + 5yz 


— (3su + (3zq 


— Su"^ + Syz - 


= 0; 




(16) 


—/3zp + (3tv 


— 5zy + Svv 


— Pzq + (5tu - 


- Szy + Svu - 


-0; 




(17) 


—jzq + ^yut ■ 


- ^sv + ^pz 


= 0; 








(18) 


—avx + apt 


— ^vq + ^yt 


— (5sx + I3xt - 


- 5sq + 5pt — 


asq + axu — 


^sy + ^pu — 


(19) 


—(5pt + (5vx 


— Sty + 5qv - 


- aup + aqv - 


- ^uy + ^yv - 


- Pux + Pqs - 


- Sup + Sys — 


(20) 


—Pzp + Psv 


— 5zy + 5uv 


— Put + Pqz 


— 5uv + Syz -- 


= 0; 




(21) 


—Pzs + (5tz ■ 


— Szu + 5vz ■■ 


= 0; 








(22) 


—azs + atz 


— ^yzu + jvz 


= 0; 








It is clear that r i 


is a solution of CYBE iff (l)-(22) hold. 







By simple computation, we have the sufficiency. Now we show the necessity, If k^z 7^ 0, 
then /cgg ^ 0' and so r is a strongly symmetric element in Lp® Lp by [10, The proof of 
Proposition 1.6 ]. Thus r is a strongly symmetric element m. L ® L. If k^^^ =0, then fcgg 
=0. By [10, Proposition 1.6], we have that k\^ — —k'^^^ for i =1, 2, 3, which implies that 

ki3 = —k^i for i =1, 2, 3 by Lemma 1.2. 
It immediately follows from (l)-(22) that 

(23) s(-2ax-7(g + p)) =0; 

(24) u{2Sy + P{q + p)) = Q- 

(25) - + (a - S)us = 0; 

(26) u{2ax + j{q + p)) = 0; 

(27) s{2Sy + P{q + p)) = 0; 

(28) 2aux - 2-fys - 2pxs + {-s{a + S) + iu){q + p) = 0; 

(29) -2Pux + 26ys - 2-fuy + {-u{a + S) + ps){q + p) = 0; 
By (26), (27), (28) and (29), we have that 

(30) s{2jy + 2px +{a + 6)iq + p)) = 0; 

(31) u{2-fy + 2px +{a + S){p + q)) = 0. □ 
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Example 2.2 Let L be a Lie algebra over real field R with dim L =3 and dim L' = 2. 
// there is complex characteristic root Ai = a + hi of A and the root is not real, then 
r E L ® L is a solution of CYBE iff r is strongly symmetric, or r = p{ei 62) + q{e2 ^ 
ei) + x{ei ® ei) + y(e2 ® 62) for any p, q,x,y E R. 

Proof. There are two different cliaracteristic roots: \i — a + bi and A2 — a — hi, wfiere 

a,b E R, Tlius A must be similar to ( " ^ ) . By Theorem 2.1, we can complete the 

\-b a ) 

proof. □ 



p, q, s, t, u, V, X, y, z E k and A 



3 The solutions of CYBE with char k =2 

In this section, we find the general solution of CYBE for Lie algebra L with dim L =3 
and dim L' = 2, where char k =2. 

Theorem 3.1 Let L be a Lie algebra with a basis 61,62,63 such that [61,62] —0, 
[61,63] = Q!6i + (3e2, [62,63] = 761 + ^62, where a,P,^,5 e k, and aS — ^ 0. Let 

a 7 
13 5 

(I) If two characteristic roots of A are equal and A is similar to a diagonal matrix in 
the algebraic closure P of k, then r is a solution of CYBE in L for any r E L (S> L; 

(II) If the condition in Part (l)does not hold, then r is a solution of CYBE in L iff 
r = p{ei<Sei) +p(e2 (X) ei) + s(ei (g) 63) +5(63(8)61) +w(e2 (8)63) - +^(63 (8)62) +a:(ei (8)ei) + 
?/(e2(X' 62) + .2(63 (8163) with aus + apz + ju"^ + jyz + (3s^ + (3xz + 6su + 6zp = and z ^ 0; or 
r = p(ei (8)62) +g(e2®ei) +5(61(8)63) +5(63 (8)61) +u(e2®e3)+ii(e3®e2)+x(ei (8)61) +y(e2®e2) 
with sj{p + q) = u(3{p + q) = u^{p + q) = sj3{jp + q) = (a + 6)us + ju"^ + /3s^ — 
s{a + d){p + q) = u{a + S){p + q) = 0. 

Proof We only show the necessity since the sufficiency can easily be shown. By 
the proof of Theorem 2.1, there exists an invertible matrix Q such that (6^,63,63) = 
(ei,e2,e3)(5 and [e']^,e2] = 0, [e']^,63] = e[ + /3'e'2, [62,63] = S'e^. We use the notations 
before Lemma 1.2. By [11, Proposition2.4], k[^ = /cg^ for i =1, 2, 3, which implies that 
ksi = ki3 for i =1, 2, 3 by Lemma 1.2. 

(I) If A is similar to [ '^^ j , then = and 5' = 1. By [11, Proposition 2.4], we 

\^ Ai y 

have Part (I). 

(II) Let A be not similar to ( ^ 

^ ^ [ox, 

(a). If 2; ^ 0, then A;33 7^ Thus — ^21 by [11, Proposition 2.4], which implies 
ki2 — k2i. It is straightforward to check that relation (l)-(22) in the proof of Theorem 
2.1 hold iff aus + apz + ju^ + jyz + + fixz + 5su + Szp — 0. 
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(b). If z =0, then we can obtain that r is the second case in Part (II) by using the 
method similar to the proof of Theorem 2.1. □ 



4 Coboundary Lie bialgebras 

In this section, using the general solution, which are obtained in the section above, of 
CYBE in Lie algebra L with dim L =3 and dim L' =2, we give the sufficient and necessary 
conditions which ( L, [ ], A^, r ) is a coboundary (or triangular) Lie bialgebra. 

Theorem 4.1 Let L he a Lie algebra with a basis 61,62,63 such that [61,62] =0, 
[61,63] = q;6i + ^62, [62,63] = 761 + 662, where a,f3,j,5 G k, and aS — fh/ ^ 0. Set 

I . Let p,u,s & k, re Jm(l — r) and r = p{ei ® 62) — p{e2 (8) ei) + s(ei 
P S J 

63) - s(e3 (g) ei) + u{e2 <S> 63) - u{e3 (g) 62). Then 

(I) ( L, [ ],Ar,r ) is a coboundary Lie bialgebra iff 



(II) If two characteristic roots of A are equal and A is similar to a diagonal matrix 
in the algebraic closure P of k with char k —2, then ( L, [ ],Ar,r ) is a triangular Lie 
bialgebra for any r G Im{l — r); 

(III) If the condition in Part(II) does not hold, then( L, [ ],Ar,r ) is a triangular Lie 
bialgebra iff — /3s^ + ^v? + (a — 5)us — 0. 

Proof We can complete the proof as in the proof of [10, Theorem 3.3]. □ 

Example 4.2 Under Example 2.2, and r G Im{l — t), we have the following : 

(I) ( L,[], Ar,r ) is a coboundary Lie bialgebra iff r = p{ei ® 62) — p{e2 ® 61) + s(6i ® 
63) — s(63 (g) 61) + -u(62 ® 63) — m(63 ® 62) with a(s^ + u^) = 0; 

(II) ( L,[], Ar, r )is a triangular Lie bialgebra iffr — p{ei ® 62) — p(62 (8> 61). 
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